We describe the results of ab initio molecular-dynamics simulations of liquid Ge at five temperatures ranging from 1250 to 2000 K. The electronic structure is calculated using the local-density approximation and generalized norm-conserving pseudopotentials. The calculations yield the pair correlation function, the static structure factor, the bond-angle distribution function, the electronic density of states, the atomic self-diffusion coefficient, and finally the ac conductivity. Near melting, the structure factor has the experimentally observed shoulder on the high-k side of the principal peak, which becomes progressively less distinct at higher temperatures. The bond-angle distribution function indicates the persistence of covalent bonding for shorter bond lengths in the liquid state. The electronic density of states is metallic at all the temperatures with a pseudogap at a binding energy of 4.6 eV. The diffusion constant shows a sharp rise between 1250 and 1500 K ( 
I. INTRODUCTION
Liquid Ge (l-Ge͒ has a number of unusual properties, which have prompted several experimental and theoretical studies. In the crystalline phase, Ge is a diamond-structure semiconductor with a direct band gap of about 0.9 eV. Upon melting, Ge undergoes a semiconductor-metal transition accompanied by significant structural changes. The density increases by about 4.7%, and its coordination number, as determined by x-ray diffraction, 1 grows from 4 in the solid phase to about 6.8 in the liquid. Similarly, the electrical conductivity increases on melting by more than an order of magnitude, to about 1.6ϫ10
Ϫ4 ⍀ Ϫ1 cm
Ϫ1
, 2 a range characteristic of metallic behavior.
Despite its metallic nature, however, the behavior of l-Ge is more complicated than that of a simple liquid metal. Simple liquid metals usually have structure factors similar to that of a fluid of hard spheres, with a temperature-dependent packing fraction and a coordination number of about 10Ϫ12. 3 Apart from having a lower coordination number, l-Ge also has a structure factor with a shoulder on the highk side of the first peak, a feature that cannot be reproduced by a hard-sphere model. These differences have been interpreted as indications that covalent bonding persists in the liquid state. 2 This interplay between metallic and covalent bonding makes l-Ge of particular theoretical interest.
The properties of liquid semiconductors are also important from a technological point of view. Since most semiconductors are grown from the melt, the transport coefficients of the liquid, such as the diffusion constant, are needed as input in the fluid-dynamic equations used to model crystal growth. However, these properties are difficult to determine experimentally. Typical experiments to measure such diffusion constants are based on tracer diffusion through capillary tubes. 4 Such experiments suffer from uncertainties arising from the contributions of convection and of gravity. These uncertainties can be overcome, in principle, by carrying out the experiments in microgravity.
On the theoretical side, most numerical studies of l-Ge have been carried out using molecular-dynamics simulations. One approach is to obtain the interatomic forces using empirical potentials that include three-body terms to model the covalent contributions. While such simulations 5, 6 can reproduce the observed structure factors for liquid semiconductors, they tend to overestimate the degree of tetrahedral bonding in the liquid state. Also, the empirical potentials used are independent of both density and temperature, whereas the actual many-body potential for l-Ge depends on both.
An alternative approach is to derive the interatomic forces by expanding the total energy to second order in the electron-ion pseudopotential, using the linear-response function of the electron gas. 7 The pair correlation function and structure factor obtained from this method agree fairly well with experiment. But this method omits the many-body contributions to interatomic forces, which are important in l-Ge. Thus, to understand the effects of covalent bonding in l-Ge, one must treat the interatomic forces at a level beyond second-order perturbation theory.
Since the pioneering work of Car and Parrinello, 8 several molecular-dynamics schemes have been developed that treat the interatomic forces in a microscopic, fully quantummechanical manner. The feature common to all is that the electronic degrees of freedom are treated quantum mechanically to determine the forces on the ions, after which the ionic motion itself is handled using classical dynamics. This approach, usually called ab initio molecular dynamics, has recently been applied by several groups to study liquid semiconductors, including l-Ge. [9] [10] [11] Most of these studies, however, have emphasized the properties at only one temperature in the liquid state and thus omit possibly important temperature-dependent changes in the atomic and the electronic structure.
In this paper we carry out ab initio simulations for liquid Ge at five temperatures ranging from 1250 to 2000 K, thereby obtaining information about the temperature dependence of various observables in the liquid state. At each temperature, we study a range of structural, electronic, and atomic properties of liquid Ge. Among these are the electronic density of states, the static structure factor, the atomic self-diffusion diffusion coefficient, and the dc and ac conductivities. Our simulations are carried out over a time interval of more than 1.5 ps at each temperature. Besides considering several temperatures, our simulations also differ from previous work in various technical details. In particular, we avoid treating Fourier coefficients of electronic wave functions as fictitious dynamical variables, as is done in the Car-Parrinello approach, and, in order to converge the electronic structure at each step, we use the so-called Williams-Soler algorithm instead of the conjugate-gradient approach.
The rest of our paper is organized as follows. In Sec. II we discuss the method and computational details. Our results are presented in Sec. III. Section IV describes our results and gives some conclusions.
II. METHOD AND COMPUTATIONAL DETAILS

A. Method
Our simulation method proceeds as follows. First, for a fixed ionic configuration, the electronic structure is converged to the Born-Oppenheimer surface, that is, the equilibrium electronic state is determined for the instantaneous ionic configuration. Next, the forces on the ions are calculated using the Hellmann-Feynman theorem and the ions are moved according to these forces. For the new ionic coordinates the electronic structure is again recalculated and converged to the Born-Oppenheimer surface and this procedure is repeated for the duration of the simulation.
In calculating the electronic structure we use the finitetemperature version of electron density-functional theory and the electronic subsystem is assumed to be at a fictitious temperature T el . Thus the variational quantity to be minimized, for a fixed configuration of the ions, is the free-energy functional. Let f i be the occupation number of the ith singleparticle state i . Then the free-energy functional is given by
where S el ͓͕ f i ͖͔ is the electronic entropy, given by
With this choice for S el ͓͕ f i ͖͔, minimizing the free-energy functional with respect to the occupation numbers yields the Fermi-Dirac distribution
i being the corresponding Kohn-Sham eigenvalue and the chemical potential. This finite-temperature procedure is necessary to avoid numerical problems in the simulation arising from discontinuous changes in the occupation numbers. 12 The minimization of the free-energy functional with respect to variations in the single-particle wave functions i leads to the Kohn-Sham equations. 13 The actual minimization is carried out by expanding the single-particle wave functions in plane waves and using the Williams-Soler algorithm.
14 Once the single-particle wave functions are selfconsistently determined, the force on the i th ion is computed using the Hellmann-Feynman theorem. A detailed description of the molecular-dynamics code used in the calculations can be found in the literature. 15, 16 
B. Computational details
We carry out the electronic-structure calculations in the local-density approximation ͑LDA͒, together with the Ceperley-Alder exchange-correlation functional as parametrized by Perdew and Zunger. 17 We use generalized norm conserving pseudopotentials 18 in the Kleinman-Bylander form, 19 choosing the d-wave part of the pseudopotential as the local component. We take the 4s and 4 p states of Ge as the valence states and we apply non-linear core-valence corrections. 20 To check this pseudopotential, we determined the ground-state properties of crystalline Ge, using an energy cutoff of 20 Ry and a set of six k points in the irreducible wedge of the Brillouin zone. The resulting zero-temperature lattice constant, bulk modulus, and binding energy of Ge are in reasonably good agreement with experiment ͑cf. Table I͒ . ͑The binding energy is somewhat larger than experiment, as is characteristic of LDA calculations.͒ To generate the initial configurations in the liquid state, we use a classical molecular-dynamics code 21 based on empirical potentials of the Stillinger-Weber form. 5 Our simulations are carried out in a 64-atom supercell with simple cubic periodic boundary conditions. Note that such a cell size is commensurate with a possible diamond-structure ground state. The densities for the different temperatures are chosen to match published experimental data. 2 The plane-wave energy cutoff in the liquid state is 10 Ry, and we use ⌫-point sampling for the supercell Brillouin-zone integration. The ionic equations of motion are integrated by means of the Verlet algorithm, using an ionic time step of 125 a.u. (ϳ3 fs͒. The ionic temperature is controlled by means of the Nosé-Hoover thermostat, 22 ,23 using a thermostat mass parameter Q of about 1ϫ10 6 a.u. The fictitious temperature for the electronic subsystem is k B T el ϭ 0.1 eV and we calculate the electronic wave functions for the lowest 134 bands, i.e., including six empty bands.
Using this approach, we converge the total energy until the change in the energy in successive steps falls below 5ϫ10
Ϫ6 eV/atom. Since our starting ionic configurations are already close to equilibrium at the temperature considered, we find that simulations of only 1.5 ps are adequate to extract the self-diffusion coefficients at these temperatures.
III. RESULTS
A. Structural properties
We begin by describing our results for the pair correlation function g(r). Figures 1 and 2 show g(r) at the temperatures Tϭ1250 and 2000 K. As can be seen from Fig. 1 , the results agree with experiment. At this temperature, the principal peak in the calculated g(r) occurs at rϭ2.63 Å, in good agreement with the experimental values of 2.70 and 2.66 Å. 1, 24 An effective coordination number N c can be obtained by integrating nϫ4r 2 g(r) from rϭ0 to the first minimum r m , where n is the number density. If we choose r m to be 3.2 Å, which is the experimentally observed value for the first minimum, we get N c ϭ6.0. In our simulation, however, the first minimum falls between 3.35 and 3.45 Å. If we therefore choose as a cutoff r m ϭ3.4 Å, we obtain N c ϭ7.1. Clearly, N c is rather sensitive to the choice of r m , a quantity that is not sharply defined for liquid Ge. Bearing this ambiguity in mind, we can still see that both r m and N c grow with increasing T. At Tϭ2000 K, for example, using r m ϭ3.6 Å, we obtain a coordination number of N c ϭ8.0. By comparison, N c is 4 in diamond-structure Ge, 12 in a close-packed solid, and about 10 in a typical hard-sphere liquid.
At Tϭ1250 K, g(r) has a weak intermediate peak at rϭ4.1 Å lying between the two principal peaks. This peak flattens with increasing T, disappearing completely at Tϭ2000 K ͑cf. Fig. 2͒ . The height of the first peak of g(r) also diminishes with increasing T, but occurs at roughly the same r, which is in good agreement with experiments done by Filipponi and DiCicco. 25 Figures 3 and 4 show the calculated static structure factor S(k) for the same temperatures. S(k) is defined by the relation
͑4͒
Here k is a Fourier component of the atomic density, defined by where R n is the position of the nth atom and N is total number of atoms. In calculating S(k), we average over the last 450 simulation time steps and also over all k vectors of equal magnitude. At the lowest temperatures, our calculated S(k) shows the characteristic feature of the structure factor for liquid Ge observed in neutron diffraction studies: a distinct shoulder on the high-k side of the principal peak that occurs at kϭ3.45 Å Ϫ1 . The results are in excellent agreement with the measured S(k) at Tϭ1250 K. As T increases, the principal peak is reduced in height and the shoulder becomes less distinct. By Tϭ2000 K, the shoulder has completely disappeared ͑cf. Fig. 4͒ and the structure factor resembles that of a simple liquid metal well above melting.
As T increases, our calculations also predict an increase in small-angle x-ray or neutron scattering, as measured by lim k→0 S(k). In turn, S(0) is related to the isothermal compressibility T by the compressibility sum rule
where n is the ionic number density. Now Egelstaff et al. 26 have shown that in practice, for liquid metals, S(0)ϷS(k 1 /4), where k 1 corresponds to the principal peak of S(k). Using this estimate, we can calculate the isothermal compressibility of Table II lists the calculated S(0)'s, as obtained from the Egelstaff estimate, along with the corresponding n(T) and the height of the first peak in g(r).
More information about the structural properties can be obtained from the bond angle distribution function g (3) (,r c ). g (3) gives the distribution of the angle formed by pairs of vectors drawn from a reference atom to any two other atoms within a cutoff radius r c of that atom. Figures 5  and 6 show g (3) (,r c ) for Tϭ1250 and 2000 K. If r c is chosen as the first minimum in g(r), g (3) (,r c ) shows two peaks at Tϭ1250 K: one at ϳ60°and a second broader peak centered at 98°. If instead r c ϭ2.8 Å ͑roughly equal to the covalent bond length in crystalline Ge͒, the 60°peak disappears while that near 98°persists.
As T increases, we observe several changes in g (3) (,r c ). ͑a͒ For the larger cutoff radius r c , the 60°peak becomes slightly more pronounced, while that at ϳ98°be-comes slightly less so. ͑b͒ For the smaller cutoff radius (r c ϭ2.8 Å͒, there is a change from a single broad peak near 98°at Tϭ1250 K to an almost uniform distribution in the bond angles at Tϭ2000 K, slightly peaked near 60°. The 98°peak suggests a ''flattened'' tetrahedral arrangement of the atoms, similar to the so-called ␤-tin structure, 27 whereas that at 60°is typical of metallic bonding and represents a more closely packed structure. In short, the structure gradually changes from an open structure, with tetrahedral bonding for shorter bond lengths, just above melting, to a more closely packed structure with very little tetrahedral bonding at very high temperatures (Tϭ2000 K͒.
B. Atomic self-diffusion
We now turn to our results for the atomic self-diffusion coefficient D(T) in liquid Ge. To study D(T), we first follow the time-dependent mean-square ionic displacement in the liquid. We start from the equilibrium liquid configuration generated by classical molecular dynamics. For sufficiently long time intervals, D(T) can be extracted from the equation where R I (t) denotes an ionic position at time t. The angular brackets denote an average over all the ions and also over all time origins. In our calculations we have computed the average, taking the beginning of each time step as a different time origin.
Our calculated mean-square displacements are shown in Table III shows the resulting D(T) for all temperatures considered, along with the experimental results of Pavlov and Dobrokhotov 28 and results from previous ab initio and empirical simulations. As expected, D(T) is a monotonically increasing function. Our results agree well with experiment and also with the ab initio calculations of Kresse and Hafner for Tϭ1250 K, 9 but at the other temperatures are somewhat higher than other ab initio predictions. 10, 11 Possibly some of these differences arise from the fact that the densities chosen in the various simulations are different. Previous calculations at elevated temperatures have used the density of liquid Ge at melting, whereas we choose a lower density appropriate to the temperature, determined from experiment. 2 In addition, of course, each of the simulations uses a slightly different ab initio method.
D(T) may also be obtained from the velocity autocorrelation function (t), defined by
͑8͒
Here the angular brackets again denote an average over all the atoms and over different time origins. The diffusion constant D is then obtained from the relation
A representative plot of (t) Tϭ1250 K is shown in Fig.  8 . The resulting D(T) agrees to within 5-10 % with the values extracted from the mean-square displacement; both are shown in Fig. 9 A notable feature of our results is that the diffusion constant rises sharply between Tϭ1250 and 1500 K and more slowly at higher temperatures. Possibly this is related to a corresponding behavior reported in the kinematic viscosity . Experimental data for the (T) in liquid Ge shows a sharp drop just above the melting point, followed by a more gradual decline at higher temperatures.
2 D can be related to using the Stokes-Einstein relation
which is quite successful in connecting the two coefficients for a liquid of hard spheres of diameter a. If a is assumed to decrease only slightly with temperature, then a sharp decrease in is connected to a corresponding increase in D.
Thus the sharp rise in D is in qualitative agreement with the experiment for .
C. Electronic properties
Next, we discuss the electronic density of states N(E) at the same five temperatures. N(E) is calculated from the approximate expression
Here E(k) denotes the energy eigenvalues for the singleparticle wave functions at a particular k point of the supercell Brillouin zone and w k is the weight of that k point ͑as defined below͒. g(E) is a Gaussian function of width ϭ 0.2 eV, used in order to give better statistics to the density of states. To carry out the calculation we sampled the supercell Brillouin zone using the set of eight special k points, with equal weights w k , used by Holender et al. 29 in their simulation of liquid Ga and we have included the lowest 168 eigenvalues E k for each k. For each temperature, the final results were then obtained by averaging over five representative configurations in the liquid state. Figure 10 shows the calculated density of states for Tϭ1250 and 2000 K. At these and all intermediate temperatures, we find that N(E) is finite at the Fermi energy, indicating that liquid Ge is metallic. Another characteristic feature of N(E) is the presence of a pseudogap at -4.6 eV that separates the s-like and p-like bands. 30, 31 Even though there is short-range covalent bonding in liquid Ge, this feature is not obviously reflected in the density of states. Furthermore, N(E) does not show any significant temperature variation in the range considered.
Another quantity of interest is the frequency-dependent electrical conductivity () and its low-frequency limit, the dc conductivity. () can be calculated from the KuboGreenwood formula 32 ͑ ͒ϭ 2e
Here m is the electron mass and i and j are the singleparticle Kohn-Sham wave functions with occupancies f i and f j and energy eigenvalues E i and E j . p ␣ is the component of the momentum operator in the direction ␣. 33 We have calculated the conductivity using the same set of eight special k points used for N(E) and again averaged over five representative ionic configurations for each temperature. As in the density-of-states calculation, we have included the lowest 168 eigenvalues; the highest of these lies ϳ2.5 eV above the Fermi energy.
The resulting () is shown for two temperatures in Fig.  11 . At both temperatures, () decreases monotonically with , showing no absorptive peaks in the observed frequency range. By extrapolating to ϭ0, we estimate the dc conductivity at Tϭ1250 K as 1.5ϫ10
4 ⍀ Ϫ1 cm Ϫ1 , in good agreement with the measured value of 1.66ϫ10 4 
⍀
Ϫ1 cm Ϫ1 . 2 The calculated temperature-dependent dc conductivity is shown in Table IV . 
IV. DISCUSSION AND CONCLUSIONS
We now turn to some possible interpretations of the results presented in the preceding section, especially the unusual temperature-dependent structure. It has been argued 34 that the structural properties of liquid metals are basically determined by two length scales: an effective hard-sphere diameter , which determines the position of the principal peak in g(r), and the wavelength of Friedel oscillations in the pair potential (ϭ/k F ), where k F is the Fermi wave vector. This picture has been successfully applied to explain trends in the structural properties of liquid metals. 35 In the following, we use this view to offer some speculations about our own results.
For a simple liquid metal such as Na, the two length scales set by and are commensurate. Hence, in this picture, the behavior of g(r) can be explained as a consequence of the constraints of hard-sphere packing. But for tetravalent liquid metals, it has been shown 35 that the two length scales are incompatible. In particular, the first maximum of the hard-sphere g(r) coincides with the repulsive part of the effective pairwise interaction. Thus it becomes energetically favorable to shift some atoms from the first shell to a neighboring shell that corresponds to a minimum of the pair potential. This explains the low coordination numbers of tetravalent liquid metals and also the intermediate peak observed in g(r) in both experiment and our simulations, without the necessity of invoking specifically three-body ͑or bond-angle-dependent͒ forces. In the static structure factor, this shift is reflected in the appearance of a shoulder at qϭ2k F , distinct from the primary peak of S(q) that occurs roughly at qϭ2/.
As the temperature increases the following changes take place: ͑a͒ because of the increased ionic kinetic energy the effective hard-sphere diameter decreases and ͑b͒ the lowering of the ionic number density leads to a corresponding decrease in k F . Thus the two peaks in S(q), corresponding to 2/ and 2k F , tend to approach each other. The increased thermal disorder also lowers and broadens the first peak in S(q) and makes it broader. These two effects conceivably combine to make shoulder in the S(q) disappear with increasing temperature. In real space, this behavior is reflected in the disappearance or ''flattening'' of the intermediate peak in g(r) and a corresponding broadening of the first peak. As the intermediate maximum disappears, the first shell gains atoms, so that the coordination number increases at higher temperatures.
There are other possible explanations for the shoulder in the structure factor. Three-body forces among the ions, such as those predicted by the pseudopotential theory of interatomic forces in metals, may conceivably produce such a shoulder. A recent paper 36 has shown that a shoulder can be produced by a model in which several Ge ions are assumed to form a single tetrahedral dynamical entity that moves through the liquid as a unit, at least over diffusive time scales. Our calculations, while they do produce the observed shoulder, cannot easily discriminate between these explanations.
Finally, we mention briefly the recent ab initio calculations of Stich et al. 37 for l-Si. These authors find that the explicit inclusion of spin in the density-functional theory tends to enhance the diffusion coefficient in l-Si by about 50%. It seems likely, however, that in l-Ge, where the degree of covalent bonding is significantly reduced, D(T) should be less influenced than in Si.
In conclusion, we have carried out ab initio moleculardynamics simulations for several properties of l-Ge at five different temperatures: 1250, 1400, 1500, 1600, and 2000 K. Our results are in very good agreement with available experimental data. They indicate that liquid Ge is a good metal, but with some special short-range order arising from residual covalent bonding that persists into the liquid state. At the highest temperatures, however, the liquid seems to evolve into a more conventional close-packed liquid metal. Our computed values of the atomic self-diffusion coefficient D(T) are higher than those previously obtained using empirical potentials, but are in good agreement with results from other ab initio calculations.
Finally, the present approach suggests a number of possible applications. For example, it can be used to treat the diffusion coefficients of impurities such as Ga and Si in l-Ge. The same approach may be useful for treating liquid versions of technologically important compound semiconductors, such as l-GaAs and l-CdTe, both on and off stoichiometry. The latter materials might be especially worthwhile to study because the electronic structure here should be strongly dependent on both temperature and concentration. While these calculations would be rather demanding computationally, there appear to be few reliable alternatives for treating these rather complicated liquids in a manner that properly includes the electronic structure. 
